Walking technicolor theory attempts to realize electroweak symmetry breaking as the spontaneous chiral symmetry breakdown caused by the gauge dynamics with slowly varying gauge coupling constant and large mass anomalous dimension. Many-flavor QCD is one of the candidates owning these features. We focus on the SU(3) gauge theory with ten flavors of massless fermions in the fundamental representation, and compute the gauge coupling constant in the Schrödinger functional scheme. Numerical simulation is performed with O(a)-unimproved lattice action, and the continuum limit is taken in linear in lattice spacing. We observe evidence that this theory possesses an infrared fixed point. * norikazu.yamada@kek.jp
I. INTRODUCTION
While the standard model has been established through a number of experiments, unnatural hierarchies are present between the electroweak scale and the Planck scale and also among the fermion masses. Large Hadron Collider (LHC) is expected to give a new insight into these hierarchies. Among various new physics models proposed so far, Technicolor (TC) model [1] is one of the most attractive ones in these regards, as it does not require any fundamental scalar particles, which cause the former hierarchy, and its extension, Extended TC model [2] , has a possibility to generate the Yukawa hierarchy in a dynamical way. For recent review articles, see, for example, Refs. [3] .
TC should be a strongly coupled vector-like gauge system, which triggers spontaneous chiral symmetry breaking (SχSB). It is widely known, however, that the simplest TC models obtained by rescaling ordinary QCD have already been ruled out by the S-parameter [4] and FCNC [5] constraints. Refs. [6] suggested a series of TC models to circumvent the FCNC problem. Those TC models appeal to the gauge dynamics in which the effective gauge coupling constant runs slowly (i.e. "walks") at a relatively large value over a wide range of energy scale above the SχSB scale, and in which the chiral condensate gets large anomalous dimension. Such TC is called walking TC (WTC), and possible candidates have been enumerated through semi-quantitative analyses [7] . Since the dynamics that underlie WTC significantly differ from those of two or three-flavor QCD, the naive scaling argument in N c or N f to estimate the S-parameter would not work, and any quantitative predictions from WTC require solving nonperturbative dynamics explicitly. Lattice gauge theory provides a unique way to study this class of models from the first principles at present.
Search for candidate theories of WTC is frequently linked to the N f -dependent phase structure of the gauge theories. Let us take SU(3) gauge theory with N f flavors of fermions in the fundamental representation as an example. According to the analysis of the perturbative β-function, the system with large enough N f (N f > 16.5) is asymptotically non-free and trivial unless non-trivial ultraviolet fixed point exists. On the other hand, if N f is sufficiently small (N f ≤ 3) the dynamics is QCD-like and thus in the chirally broken phase. It is believed that for the in-between N f there exists a so-called conformal phase, where the coupling constant reaches an infrared fixed point (IRFP) without SχSB set in, but confinement may take place [8] . The range of N f in which the conformal phase is realized is called conformal window, and is represented by N crit f < N f < 16.5. It is then natural to speculate that the gauge dynamics slightly below N crit f exhibit the features required for WTC; slow running of the gauge coupling constant and SχSB. The first goal in the search for WTC is thus to identify N crit f . In the past years, many groups have used techniques of lattice simulations to search for N crit f and/or WTC through hadron spectrum, eigenvalue distribution of Dirac operator, the behavior of running coupling constant, or renormalization group analysis of candidate theories [9] . For non-lattice studies, see, for example, Refs. [10, 11] . Among various candidates, many flavor QCD [12] [13] [14] [15] [16] [17] [18] [19] , sextet QCD [20] [21] [22] [23] [24] [25] , and two-color adjoint QCD [26] [27] [28] [29] [30] [31] have been intensively studied. In this work, we focus on many flavor QCD with N c = 3 and fermions in the fundamental representation. In a seminal work [12] , the running coupling constants were calculated for eight-and twelve-flavor QCD using the Schrödinger functional (SF) scheme on the lattice [32] . They concluded that twelve-flavor QCD has an IRFP at g 2 SF ∼ 5 while eightflavor QCD does not. In practice, the study of the running coupling alone is supposed to be unable to fully exclude the possibility of a large IRFP because it requires lattice simulations at arbitrarily large coupling. Even worse, the unphysical, bulk first-order phase transition was found to occur in strong coupling regime of several gauge theories [23, 33, 34] . In such simulations, there exists an upper limit on the bare coupling at which lattice calculation is sensible. Nevertheless, because of the supports from the spectroscopy studies [14, 16, 18] the conclusion in Ref. [12] that the eight-flavor QCD is QCD-like, i.e. N crit f > 8, seems to be established nowadays.
After the work of Ref. [12] , one group [15] has presented an evidence of the conformality of twelve-flavor QCD. The opposite conclusion, however, has also been reported by the other groups [16, 18] . Therefore N crit f < 12 is still under debate. Clearly the observed contradiction must be clarified before going further. While in the spectroscopy study of twelve-flavor QCD many sources of systematic uncertainties due to finite volume, taste breaking, chiral extrapolation, lack of continuum limit, etc., remain to be quantified, the calculation of the SF coupling constant of Ref. [12] appears, at present, to be less ambiguous.
In such a circumstance, we are tempted to explore the dynamics of ten-flavor QCD. In this paper, we investigate, as a first step, the running coupling constant of ten-flavor QCD on the lattice to see whether it shows conformal behavior. We find that the running slows down and observe evidence that this theory possesses an infrared fixed point.
The paper is organized as follows. In sec. II, we give remarks on how we identify IRFP on the lattice. Sec. III summarizes the coefficients relevant to the perturbative calculation of the running coupling constant for later use. In sec. IV, the simulation setup including the definition of the running coupling constant in the Schrödinger functional scheme is presented.
In sec. V, we describe analysis method and present the numerical results. Sec. VI is devoted to the summary and outlook.
II. REMARKS ON SEARCHING FOR IRFP ON THE LATTICE
Since there exists a subtlety in proving the existence of IRFP with lattice gauge theory, in this section we briefly explain what is actually calculated and then give how to identify the existence of IRFP. Here we focus on the concept only. For further details of the calculational and analysis method that we take, see the following sections.
In this work, we calculate the renormalized coupling constant in Schrödinger functional scheme at two different length scales, L and s · L. In practice, this is realized by repeating the calculation on two different volumes, l 4 and (s · l) 4 , at a common lattice bare coupling g 2 0 , where l = L/a. We denote those couplings by u (or g 2 (g 2 0 , l)) and g 2 (g 2 0 , s · l), respectively. Using those, we define the discrete beta function (DBF) by B(u, s, l) = 1/g 2 (g 2 0 , s · l) − 1/u, where the rescaling factor s is arbitrary but is fixed to 2. If the DBF is free from lattice discretization errors, the sign of this quantity may directly tell whether the coupling constant increases or decreases against the scale change by s at the scale L, which is implicitly set by the value of u that we can choose. Since discretization errors do exist, however, we need to take the continuum limit. The a → 0 limit is taken for a fixed L, i.e. for a fixed u, by varying lattice spacing a. A series of the DBF thus obtained is then a function of l, and the l = L/a → ∞ limit is expected to give the continuum limit. In summary, the DBF is constructed from a pair of lattice volumes (l 4 , (s · l) 4 ), and choice of larger l results in the DBF closer to the continuum limit.
In practice, lattice spacing is varied by changing the lattice bare coupling g 2 0 . If g 2 (g 2 0 , l 2 ) turns out to be always larger than g 2 (g 2 0 , l 1 ) with l 2 > l 1 , B(u, s, l) < 0 should hold for any l and s > 1. In this case, the bare coupling at which g 2 (g 2 0 , l 1 ) is equal to a fixed value u becomes small as lattice size l 1 increases or one approaches the continuum limit. Thus the a → 0 limit is realized in the g 2 0 → 0 limit. This is the case for asymptotically free theories with no IRFP such as ordinary QCD, and no subtlety is present. Even if an IRFP exists in such theories, the situation does not change as long as the input u is smaller than the IRFP, g 2 IRFP . In other words, if the DBF extrapolated to l → ∞ (or equivalently 1/l → 0) is negative, the limiting value is interpreted as the continuum limit and the possibility that an IRFP exists below u is excluded.
When the DBF extrapolated to l → ∞ is positive, interpretation of numerical results becomes ambiguous. In this case, in the vicinity of 1/l = 0, Fig. 4 of Ref. [13] , for example. Then, one may expect that the l → ∞ limit is realized by g 2 0 → ∞ on first sight. However, recalling φ 4 theory, this expectation turns out to be too naive. In φ 4 theory, the continuum limit exists only in the trivial case unless the theory possesses a non-trivial UV fixed point.
Since the situation is similar to this case, the most plausible interpretation is that, when u > g 2 IRFP , the continuum limit does not exist unless a nontrivial UV fixed point exists. Since no nontrivial UV fixed points has been established so far, it is not suitable to call the extrapolated value the continuum limit when it is positive. Nevertheless, we can still infer that u > g 2 IRFP because no other possibility remains. We investigate the sign of the DBF, starting with the weak coupling regime u ∼ 1 where the perturbative calculation is reliable and predicts a negative value. We keep monitoring the sign of the DBF with increasing u. The identification of the IRFP is then made by signflip of the DBF extrapolated to l → ∞. Notice that, when the extrapolated value is positive, the extrapolation does not make sense and hence we do not insist that the continuum limit is determined.
III. PERTURBATIVE ANALYSIS
We start with defining the β function of an effective gauge coupling constant in a massindependent renormalization scheme, which should have the following expansion in the perturbative regime
where L denotes a length scale. The first two coefficients on the right hand side are schemeindependent, and given by
The remaining coefficients are scheme-dependent and known only in the limited schemes and orders. The third coefficient takes the following form in the Schrödinger functional scheme;
but c θ=0 3
has not been calculated yet. Although θ = 0 is chosen in our simulation as described in sec. IV, the coefficients for θ = π/5 are used only to see the situation of conformal windows inferred just from the perturbative analysis, and the potential size of difference between the two-and three-loop calculations.
The perturbative estimates of the infrared fixed point (IRFP) for SU (3) of the scheme-dependence of the running coupling constant and the value of IRFP, those results motivate us to speculate that ten-flavor QCD may exhibit strongly coupled walking dynamics, and thus deserves full nonperturbative calculation.
IV. SIMULATION DETAILS A. Schrödinger functional
We employ the Schrödinger functional (SF) method [32] to study the scale dependence of the running coupling constant. Unimproved Wilson fermion action and the standard plaquette gauge action are used without any boundary counter terms as described below.
The SF on the lattice is defined on a four dimensional hypercubic lattice with a volume (L/a) 3 × (T /a) in the cylindrical geometry. Throughout this work, the temporal extent T /a is chosen to be equal to the spatial one L/a. Periodic boundary condition in the spatial directions with vanishing phase factor (θ = 0) and Dirichlet one in the temporal direction are imposed for both gauge (U µ (x)) and fermion (ψ(x) andψ(x)) fields. The boundary values for gauge and fermion fields are represented by three-by-three color matrices, C and C ′ , and spinors, ρ, ρ ′ ,ρ andρ ′ , respectively. The partition function of this system is given by
where Γ is the effective action, and
For the pure gauge part, we employ the plaquette action,
where β = 6/g 2 0 denotes the inverse of the bare coupling constant,δ µ,ν =0 when µ = ν otherwise 1, and P µ,ν (x) denotes a 1×1 Wilson loop on the µ-ν plane starting and ending at x. The spatial link variables on the boundaries, the hypersurfaces at x 0 = 0 and L/a, are all set to the diagonal, constant SU(3) matrices as
where k = 1, 2, 3, and η is parameterizing the gauge boundary fields. The weight w µ,ν (x 0 ) in eq. (10) is given by 
By tuning c t , O(a) errors induced from the boundaries in the time direction can be removed perturbatively, but in this work we simply take its tree level values, c t = 1. With this setup, the value of c s can be arbitrarily chosen because the spatial plaquettes on the boundaries do not contribute to the action. We thus set c s = 0.
The fermion fields are described by the unimproved Wilson fermion action,
where
The hopping parameter κ is related to the bare mass m 0 through 2 κ = 1/(am 0 + 4). The dynamical degrees of freedom of the fermion field ψ(x) and anti-fermion fieldsψ(x) reside on the lattice sites x with 0 < x 0 < T . On both boundaries (x 0 = 0 and T ), the half of the Dirac components are set to zero and the remaining components are fixed to some prescribed values, ρ,ρ, ρ ′ andρ ′ , as
where P ± = (1 ± γ 0 )/2. In this work, the boundary values for the fermion fields are set to zero, i.e.
B. Definition of the running coupling
With the gauge boundary conditions (11) and (12), the absolute minimum of the action is given by a color-electric background field denoted by B(x). Then, the effective action can be defined as a function of B by
which has the following perturbative expansion in the bare coupling constant,
and, in particular, the lowest-order term
is exactly the classical action of the induced background field. The SF scheme coupling is then defined in the massless limit for fermions by
where the normalization constant k is determined such that g 2 SF = g 2 0 holds in the leading order of the perturbative expansion, and is found to be
Because of the absence of the clover term, only the η-derivative of the gauge action con-
C. Parameters
The PC cluster and supercomputers. In order to achieve high performance on each architecture, the HMC code, especially the fermion solver part, were optimized depending on each architecture. In particular, mixed precision solver using multiple GPUs enables us to obtain high statistics on g 2 SF at l 4 = 12 4 and 16 4 [37] . Acceptance ratio is kept to around 80 % by adjusting the molecular dynamics step size (δτ ).
Since the Wilson fermion explicitly breaks chiral symmetry, the value of κ is tuned, for every pair of (β, L/a), to its critical value κ c realizing the massless fermion by monitoring the corresponding PCAC mass. The values of β, κ, the number of trajectories, δτ and the results for l = L/a=6, 8, 12, 16, and 18 lattices are tabulated in Tabs. II-VI, respectively.
D. Comment on O(a)-unimprovement
In our pilot study, we employed the O(a)-improved fermion action with the perturbatively determined counter terms. With this setup, we encountered a sudden change of the plaquette and the PCAC mass at l=6 and β=3.6 when κ was decreased from 0.1517, and we could not realize the vanishing PCAC mass. The expected SF coupling constant is about 3 ∼ 4 there.
The same phenomenon also occurs on l = 4 lattices at almost the same value of bare coupling constant. Since the observed behavior looks similar to those reported in Refs. [23, 33, 34] , we infer that this is a bulk, first order phase transition. In order to cover the region g 2 SF ∼ O(10), we omitted any O(a) improvements. Thus the leading discretization error in our result is linear in lattice spacing.
Even without O(a) improvements, the bulk, first order phase transition is observed for β = 6/g 2 0 ∼ 4.4. However, this time it happens at the renormalized coupling constant greater than the O(a)-improved case, typically g 2 SF ∼ O(10). Since this bulk phase transition is considered as a lattice artifact, whenever this happens we discard the gauge configurations at such β. Thus the position of the critical β (∼ 4.4) sets the lower limit on our exploration of β.
V. ANALYSIS METHOD AND RESULTS

A. Raw data
The SF coupling constant (g Among various functional forms we examined, the following form
turned out to give the minimum χ 2 /dof for a fixed number of free parameters, N. We thus employ eq. (27) . In eq. (27), p 1,l is the l-dependent coefficient and we have calculated them perturbatively in the SF scheme 
The other coefficients a l,n 's are determined for each l independently. We optimize the degree of polynomial N in the denominator of eq. (27) Hereafter we denote the SF coupling obtained at a bare coupling constant g 
B. Discrete β function
In order to see the scale dependence of the SF coupling constant, we analyze the discrete β function (DBF) introduced in Refs. [20, 23] . The whole procedure is described below. , l) = u. l is identified with L 0 /a, so that the lattice spacing at g * 0 2 is found to be a(g * 0 2 , l) = L 0 /l. Now we choose a rescaling factor, s.
The lattice step scaling function Σ 0 (u, s, l) is then defined as the SF coupling for l ′ = s · l at the same bare coupling g * 0 2 , i.e.
The meaning of the subscript "0" becomes clear soon. Of course, both l and s · l must be equal to one of 6, 8, 12 and 16, and hence the possible values for the rescaling factor s are 
We calculate the continuum limit of this function for various initial values of the coupling constant, u. If the sign of the DBF in the continuum limit turns out to flip at a certain renormalized coupling constant u, it indicates the existence of IRFP. 
C. improving discretization errors
Since O(a) discretization errors are not improved at all in the lattice actions, it is important to remove the scaling violation as much as possible. To do this, we perform the following improvements on the step scaling function and the DBF before taking the continuum limit.
First let σ(u, s) be the continuum limit of Σ 0 (u, s, l), i.e. σ(u, s) = g 
where b i 's are the coefficients of the β-function introduced in sec. III. Recalling the parametric form of the discretization error [35] , the error normalized by σ(u, s), denoted by δ 0 (u, s, l), is written as
With eq. (31), the discretization error at the lowest order in u is found to be
Now by replacing Σ 0 (u, s, l) in eq. (35) with Σ 1 (u, s, l) = Σ 0 (u, s, l)/(1 + δ (1) (s, l) u), the discretization error reduces to O(u 2 ). Using Σ 1 (u, s, l), the one-loop improved DBF is defined by
This completes the one-loop improvement.
The above procedure can be repeated to an arbitrarily higher order in u, but it requires the perturbative coefficients like p 1,l and the perturbative expression of σ(u, s) to the corresponding order in u. All the coefficients necessary for the two-loop improvement are not available at this moment. Instead, we follow an alternative prescription proposed in Ref. [38] .
After the one-loop improvement, the scaling violation is written as
If one can somehow know δ (2) (s, l), the scaling violation can be reduced to O(u 3 ) by replacing Σ 0 (u, s, l) in eq. (35) with
δ (2) (s, l) can be determined by fitting our data for δ 1 (u, s, l) in eq. (38) The table shows that the values of δ (1) (s, l) and δ (2) (s, l) lie between 10 −2 and 10 −3 , and δ (2) (s, l) turns out not to depend on the fit range. In the following analysis, we employ δ (2) (s, l) from the shorter fit range. It is also seen from the table that generally the coefficients for (s, l) = (4/3, 12) are the smallest among others. This is anticipated because the improvement coefficient vanish as s approaches to unity or l becomes large. An exception is the one-loop coefficient δ (1) (4/3, 6). Since two-loop coefficient δ (2) (4/3, 6) is, however, much larger than δ (1) (4/3, 6), the smallness of δ (1) (4/3, 6) is probably by accident. In the data sets we have, the data with (s, l) = (4/3, 6) is the coarsest one. As we will show in the (s, l) , for each pair of (s, l).
The square brackets in the first column indicate the fit range in u.
following subsections, this data turns out to suffer from non-linear scaling violation larger than the linear one in the strong coupling region. Thus, we omit this data point throughout the analysis. Using δ (2) (s, l) thus obtained, we define the two-loop improved step scaling function Σ 2 (u, s, l) in eq. (39), and in turn the two-loop improved DBF
D. strategy
The continuum limit is taken for a fixed rescaling factor s and a fixed input length scale L varying a lattice spacing a (= L/l). As described in the preceding subsections, an input length scale is fixed by choosing a particular value of input coupling u. However, for a given s the number of data sets with different a in this work is, at most, two; (s, l) = (2, 6) and
While it is still possible to employ these two sets of data to evaluate the continuum limit, the validity of the linear extrapolation can not be tested. Alternatively, we may supplement a data set with a desired s by interpolating or extrapolating data of
However, a lack of guiding principles in the interpolation or extrapolation may cause a systematic uncertainty. In this work, we use the two available data sets, (s, l) = (2, 6) and (2, 8) to evaluate the continuum limit by linear extrapolation, and the other data sets are used to monitor the validity of the linear extrapolation. For this purpose, we introduce a relation which approximately converts the DBF for s ′ into that for s, as follows. We start with a closer look at the discretization error. The discretization error of the lattice DBF, i.e. B i (u, s, l) − B(u, s) (i=0, 1, 2), can be expressed in terms of an asymptotic expansion in 1/l [35] as
where e i (u) is an unknown coefficient of O(a) error and is a function of u. We then define the rescaled lattice DBF by
In addition, using the continuum counterpart of eq. (42), we define
which represents the difference between the true continuum DBF and the rescaled continuum DBF. Combining eqs. (41), (42) and (43) together and introducing
we arrive at We comment on the size of δB(u, s, s ′ ). Solving eq. (1) perturbatively, the continuum DBF is found to be
and thus the perturbative expression of δB(u, s, s E. extraction of the continuum DBF Extrapolation to the continuum limit described in the following is carried out for every jack-knife ensemble, and the statistical error in the continuum limit is estimated by the single elimination jack-knife method.
We begin with analysis at relatively weak coupling. Figure 3 shows the continuum limit plausible explanation for this observation is that an IRFP exists in u IRFP < 1.0/0.107 = 9.35. to exist. Thus we omit the positive DBF data from the figure.
VI. SUMMARY AND OUTLOOK
In this work, the running coupling constant of ten-flavor QCD is numerically investigated using lattice technique. The extrapolation of the DBF to the continuum limit is taken linearly assuming that the O(a) scaling violation dominates the higher order ones. The DBF extrapolated approaches zero from below as the SF coupling constant u increases and when u ∼ > 10/3 the DBF becomes consistent with zero. Further investigation at one particular strong coupling u = 9.3 (1/u = 0.107) is made using the data from the large lattice (l = 18), and suggests that the continuum DBF at this coupling is not negative.
This indicates the existence of the infrared fixed point 10/3 ∼ < g 2 IRFP ∼ < 9.3. The linear extrapolation is reasonably justified within the statistical error, but further rigorous check is clearly preferable. Combining our result with that of Ref. [12] , the critical number of flavors which separates the conformal phase and the broken phase is 8 < N crit f < 10.
In order to confirm the existence of IRFP or even determine the value of the fixed point more precisely, data from larger lattices with high statistics are necessary. It is, however, difficult to do with machines currently available to us, and probably more efficient methods or different approaches are necessary to go further. As mentioned in sec. I, the conformal window can also be studied by looking at hadrons' spectroscopy or renormalization group analysis on the lattice. Currently the conclusions based on various methods are not consistent among them. In order to pin down N crit f , these contradictions must be clarified with further studies.
What is really important in the context of the WTC is the anomalous dimension of thē ψψ operator. The calculation of the anomalous dimension in ten-flavor QCD is on-going.
The result will be published elsewhere.
Once one has fixed an attractive candidate for WTC, the next important step would be the calculation of the S-parameter. The calculational method has been established in Ref. [39] , where the QCD S-parameter is calculated on the lattice for the first time and is correctly reproduced. Later, the method was applied to three-flavor QCD [40] , sextet QCD [41] and six-flavor QCD [42] . In Ref. [42] , the evidence of the reduction of S-parameter is reported.
Another important quantity which should be calculated is obviously the mass spectrum of the candidate theory, including vector and scalar resonances, the decay constant of the NG boson and the chiral condensate. Although the precise determinations of these quantities are challenging, the direct comparison with the upcoming LHC results is extremely interesting and hence we believe that such calculations are worth a lot of efforts. 
